I. INTRODUCTION
The delivery of momentum to plasma by magnetic field pressure is a dominant process in astrophysical jets, 1 magnetospheric physics, 2 thermonuclear fusion devices, 3 pulsed plasma configurations, 4, 5 and electric propulsion devices. 6, 7 Recently, the thrust delivered by a plasma jet exiting a plasma source is being considered for space propulsion. [8] [9] [10] [11] [12] The thrust may result from the plasma pressure 13 that may be increased due to the formation of a double layer. 14, 15 The thrust is substantially larger when the plasma exiting the source flows along a divergent magnetic field because of the additional contribution of the magnetic field pressure in the magnetic nozzle. [16] [17] [18] [19] [20] Indeed, the increased thrust of a plasma that flows along a divergent magnetic field has been recently measured. 21 The thrust should be equal in magnitude and opposite in direction to the force exerted on the exiting plasma. Calculations of the two separate contributions to the force on the exiting plasma, that of the plasma pressure 21, 22 and that of the magnetic field pressure, 21 have been found to be in a remarkable good agreement with the measurements. In that calculation, the plasma was assumed to be attached to the magnetic field lines. 21 This is a reasonable assumption since, at the location of maximum magnetic field inside the source, the electron and ion Larmor radii are only 0.5 mm and 3 cm, respectively, smaller than the source radius. As plasma accelerates and the magnetic field weakens downstream, plasma detaches from the magnetic field. [23] [24] [25] The calculation of the thrust in Ref. 21 was based on the two-dimensional dependence of the magnetic field and of the internal diamagnetic currents in the plasma. Our purpose here is to make further approximations that allow us to estimate the thrust by a simple quasi one-dimensional model. For the simplified calculation, we follow Ref. 17 , in which the paraxial approximation was used, the axial component of the magnetic field is assumed uniform across the radial cross section of the plasma beam. The curved magnetic field lines in the magnetic nozzle then replace the curved physical wall of a nozzle. Although the thrust found through the simplified calculation here is less accurate than that found in the more detailed calculation, 21 the calculation is easier to perform and the analogy to the physical nozzle provides further insight into the physics. We also derive, within the paraxial approximation and with further assumptions, expressions for the axial profiles of the plasma beam density and velocity and of the plasma potential. These calculated profiles will be compared with the experiment in Ref. 21 , once additional needed measurements are completed.
In Sec. II, we derive the approximate quasi onedimensional model and an approximate expression for the thrust. In Sec. III, we compare the thrust calculated by the quasi one-dimensional model to that found in the twodimensional model. 21 In Sec. IV, we present approximate expressions for the plasma density and velocity and for the plasma potential.
II. THE QUASI ONE-DIMENSIONAL MODEL
Here, we derive the quasi one-dimensional model for the calculation of the thrust. The plasma expands along z in a cylindrical geometry in which the variables are independent of h. As in Ref. 21 , we write the steady-state momentum equations for the electrons
and for the ions,
in whichB is the applied magnetic field andẼ is the ambipolar electric field, both having z and r components only. Also, u andṽ are the ion and electron velocities, n is the density of the quasineutral plasma, m is the ion mass and e is the elementary charge. We assume an isotropic electron pressure p e and neglect the ion pressure. When supersonic rotation is induced, the centripetal force can be important, 26 do not treat here. The drag on the ions due to collisions with neutral atoms is
where is the ion-neutral collision frequency. The axial component of the momentum equation of the neutral gas is
where N is the neutral-gas density, and U r and U z are the components of the neutral-gas velocity. The neutral-gas pressure is neglected in Eq. (4). Adding Eqs. (1) and (2), we obtain the two components of the one-fluid momentum equation for the plasma,
and
We use Eq. (5) to express the azimuthal current as enðu h À v h Þ ¼ ð1=B z Þ@p e =@r which we substitute into Eq. (6) to obtain
We note that by combining Eqs. (4) and (7), we obtain
which is a momentum equation for the plasma-neutral gas fluid. Note that the drag term does not change the form of the thrust. The collisions between ions and neutrals are an internal force and only the magnetic field pressure [the LHS of Eq. (8)] imparts momentum to the plasma-neutral gas fluid. Therefore, the drag due to ion-neutral collisions does not enter the calculation of the thrust in the rest of this section.
Integrating the last equation across the cross section of the beam, we obtain an equation for the total T, the total axial force on the plasma-neutral gas flow,
where r p ðzÞ is the radius of the plasma. As stated above, the thrust delivered by the plasma should be equal in magnitude and opposite in direction to that total force, and we, therefore, relate to T also as the thrust. The equation is
The first term on the right hand-side (RHS) of Eq. (8) vanishes in the integration across the plasma radial cross section. In Ref. 21 , the thrust was found through the solution of Eq. (10) with the measured p e and with B z and B r provided by a full two-dimensional code. As in Ref. 21 , we write the total thrust as a sum of two contributions
In the region in which the magnetic field lines do not diverge, the thrust is due to the electron pressure only (which results in a force on the backwall of the plasma source),
and r p ðz 0 Þ is the plasma source radius. Where the magnetic field diverges, the thrust due to the magnetic field pressure increases along z and is written as
Since the magnetic field is divergence-free,r ÁB ¼ 0, we write 1 r
and we obtain, upon integrating Eq. (10) by parts,
The contribution of ðB r =B z Þp e 2pr is zero both on axis (where B r is zero) and at the radial boundary of the plasma (where p e is zero). We are now making the paraxial approximation, B z ðr; zÞ ffi B z ð0; zÞ:
We neglect the second term on the RHS of Eq. (15), so that the simplified equation becomes
where
is the radial cross section of the plasma and hp e i is the radially-averaged plasma pressure, 
The subscript p in T total;p denotes the paraxial approximation. We note that in the form of the paraxial approximation used
here, the details of the radial profile of the plasma pressure do not affect the thrust. The plasma pressure affects the thrust through the integral in Eq. (19) only. The effect of the pressure radial profile should be studied within a higherorder paraxial approximation or within the two-dimensional fluid model. 21 Equation (17) can be used for the calculation of the contribution of the magnetic field. Inside the plasma source, the plasma radius is constant, r p ðzÞ equal r s , the plasma source radius, and Eq. (17) becomes
where A exit ¼ pr 2 s is the cross-section area of the plasma source. Thrust is lost when energetic ions, which are accelerated towards the source exit, recombine with electrons while impinging on (or, for certain ion species, 28 are implanted into) lateral walls. We assume here that due to the confining magnetic field, neither ions nor neutral atoms lose momentum in their collisions with the lateral walls.
Let us assume that once it exits the source tube, the plasma flow is attached to the magnetic field lines. This assumption was also made in Ref. 21 , although without the paraxial approximation. We, therefore, write 
where U 0 is the constant in z magnetic field flux,
Here, B exit is the magnetic field intensity at the exit from the plasma source. We can write the equation for the thrust as
or, in analogy to a physical nozzle, 17 as
The contribution to the thrust is the component in the z direction of the force by the "wall" (the magnetic field) that balances the electron pressure. 17 This acceleration is similar in form to the acceleration of a plasma by area expansion without magnetic field pressure. 29, 30 We note that Eq. (24) can be interpreted as a force that results from an integration of the pressure across the area,
where A i is the initial area. A further assumption is that the electron pressure is of a self similar form, which we describe as in Ref. 21 
The contribution to the thrust by the electron pressure upstream is
which, with the use of the form in Eq. (26), becomes
The contribution to the thrust by the magnetic field pressure is obtained from Eq. 
The subscript f in T B;f denotes that this is the thrust found through a full calculation without the use of Eq. (16), the paraxial approximation for the magnetic field. Within the paraxial approximation, the contribution to the thrust of the magnetic field pressure becomes
which can also be written formally as
The two last expressions were obtained from Eqs. (28) and (29) . The subscript p in T B;p denotes that this is the thrust found within the paraxial approximation. In Sec. III, we compare T B;f and T B;p for the experiment described in Ref. 21 .
III. COMPARISON OF THE CALCULATIONS BY THE TWO MODELS
The experiment is described in Ref. 21 and consists in measuring the thrust T B resulting from the magnetic field pressure in a 1 mTorr argon radiofrequency (13.56 MHz) plasma for two distinct magnetic field configurations shown on Figures 1(a) and 1(b) (where z ¼ 0 cm is defined as the open end of the cylindrical plasma cavity and the start of the expansion). Briefly, a 25-cm-long, 9-cm-diameter plasma source with an expanding magnetic field created using two axial solenoids positioned around the source (Fig. 1(b) ) is immersed in a 140-cm-long, 50-cm-diameter vacuum vessel. The two loop rf antenna surrounding the cavity is centered at z ¼ À12 cm and the gas inlet is located at the closed end of the source. The two solenoids are suspended to a grounded thrust balance equipped with a laser/sensor system to measure the axial force T B as a function of rf power for the two magnetic field configurations: Mode A corresponds to a current of 6 A in each solenoid (left pane of Fig. 1(b) ) and Mode B corresponds to a current of 6 A in the solenoid closest to the source exit only (right pane of Fig. 1(b) ).
The function p en ðzÞ obtained by direct measurements using a Langmuir probe is shown for the two modes in Fig.  2 . Also, as in Ref. 21 , the pressure profile is described by choosing the function f in Eq. (26) to be of the form,
for mode A and
for mode B. For both modes, f ðnÞ ¼ 0 for n > 1. The constants a 1 À a 5 are fitting parameters of the electron pressure radial profiles measured at z 0 . Figure 2 also shows the measured and fitted radial profiles of the normalized electron pressure f ðnÞ for modes A and B. The maximum electron pressure p e ðz 0 ; 0Þ, measured for various values of radiofrequency power, is used for the calculation, and is not shown here. Figure 3 shows T B;f and T B;p for the two modes as functions of the rf power, calculated through Eqs. (32) and (33) at z ¼ 40 cm. It was shown in Ref. 21 that there is a good agreement between the calculated T B;f and the measured contribution of the magnetic field pressure to the thrust. It should be noted that there is an order of magnitude difference between the T B values obtained for Mode A and Mode B which results from much lower values of p en ðzÞ downstream of the plasma source for Mode A. 21 The agreement between the calculated thrust at z ¼ 40 cm and the measured thrust 21 indicates that no thrust is delivered beyond that point, probably due to plasma detachment from the magnetic field lines. The calculation within the paraxial approximation is easier and the analogy to a nozzle is useful. The numerical results in Fig. 3 exhibit the power as well as the limitations of the magnetic nozzle model. Over the range of power investigated here (200-800 W), the ratio between the approximate calculated thrust T B;p (dotted line on Fig. 3 ) and the more accurate calculated thrust T B;f (solid line on Fig. 3) is constant, about 0.76 for mode A and about 0.83 for mode B. The discrepancy between the calculated thrust by the two models originates from the approximation in the magnetic nozzle model that B z across the cross section of the plasma is independent of r. When the largest contribution to the thrust is from regions in which B z is more uniform radially, as it is in mode B, the paraxial approximation results are more accurate.
In Sec. IV, we calculate, within further assumptions, the axial profiles of the plasma density and velocity.
IV. AXIAL PROFILES OF PLASMA DENSITY AND VELOCITY
In this section, we calculate the axial profiles of the plasma density and velocity while the plasma expands along magnetic field lines outside the plasma source. Combining Eq. (7), integrated across the beam, and Eq. (23), we write, within the paraxial approximation, that We now assume that u z and the electron temperature T el are approximately constant across the plasma, u z ðz; rÞ ffi u z ðzÞ; T el ðz; rÞ ffi T e ðzÞ:
We further assume that is constant across the radial crosssection of the plasma. The momentum equation is approximated as
is the plasma particle flux, which is expressed as C ¼ n z ðzÞu z ðzÞ; n z ðzÞ Ahni; 
should decrease accordingly. However, measurements of the plasma density in the experiments described in Ref. 21 show that n z does not decrease and even slightly increases along the divergent magnetic field. The existence of a regime of an increasing density suggests the possibility that ion-neutral collisions do decelerate the ions, as illustrated by Eq. (49). Let us now discuss the axial potential profile. We assume that the ion rotation is small and that E z is approximately uniform across the plasma radial cross section. Integrating across r, we obtain that the ions satisfy
If we use again the assumptions that A ¼ A i ðz=z i Þ and that ¼ 1 c=z i M; we obtain that
Although the plasma potential is measured to decrease along the divergent magnetic field, the ions may decelerate due to the ion-neutral collisions, which, according to Eq. (50), will result in an increase of n z along the divergent magnetic field. The increase of the plasma density n z along the divergent magnetic field could result from other reasons. It could be that there is further ionization downstream. The density n z then increases according to Eq. (50) even though M increases because C increases as well. The plasma dynamics in the experiments in the configuration described in Ref. 21 will be further studied in future studies. It will be examined whether ion-neutral collisions or ionization is the source of the plasma density increase downstream.
V. SUMMARY
We have applied a simple model based on the paraxial approximation 17 to a plasma that flows out of a plasma source along a divergent magnetic field. 21 The simple model, a quasi one-dimensional model of a magnetic nozzle, enabled us to calculate the momentum delivered to the plasma by the magnetic field with a good accuracy, although a more detailed two-dimensional model has achieved a higher accuracy. 21 The magnetic nozzle model can, therefore, be used in experiments for a quick and simple estimate of the thrust by the measured axial magnetic field on axis. When radial variations of the magnetic field are significant, a higher-order paraxial approximation could be employed or one could resort to a calculation that uses a full mapping of the magnetic field across the plasma beam.
We also used the magnetic nozzle model to solve for the axial profiles of the plasma density and velocity. Further measurements are needed for testing the predictions of the model.
